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PROBLEMS

Day 1

Problem 1. Let AABC be an acute-angled triangle, and let D be the foot of the altitude from C.
The angle bisector of ZABC intersects CD at E and meets the circumcircle w of triangle AADE
again at F. If ZADF = 45°, show that C'F is tangent to w.

Problem 2. A dominoisa 2 x 1 or 1 x 2 tile. Determine in how many ways exactly n? dominoes
can be placed without overlapping on a 2n x 2n chessboard so that every 2 x 2 square contains at
least two uncovered unit squares which lie in the same row or column.

Problem 3. Let n.m be integers greater than 1, and let ay,az,.... a,, be positive integers not
greater than n™. Prove that there exist positive integers by, by, ..., by, not greater than n, such that

ged(ay +bi.ag +boy s +bp) <,

where ged (1,23, . . . , Tm) denotes the greatest common divisor of 1,23, ..., &m-

Day 2

Problem 4. Determine whether there exists an infinite sequence a;,as,ag, ... of positive integers

which satisfies the equality
p+2 = Qi1 +VOnil + Gn

for every positive integer n.

Problem 5. Let m, n be positive integers with m > 1. Anastasia partitions the integers 1,2,...,2m
into m pairs. Boris then chooses one integer from each pair and finds the sum of these chosen integers.
Prove that Anastasia can select the pairs so that Boris cannot make his sum equal to n.

Problem 6. Let H be the orthocentre and G be the centroid of acute-angled triangle AABC with
AB # AC. The line AG intersects the circumcircle of AABC at A and P. Let P’ be the reflection of
P in the line BC. Prove that ZCAB = 60° if and only if HG = GP'.




Problem 1. Let AABC be an acute-angled triangle, and let D be the foot of the altitude Jfrom C.
The angle bisector of ZABC intersects CD at E and meets the circumcircle w of triangle AADE
again at F. If ZADF = 45°, show that CF is tangent to w.

(Luzembourg)
Solution 1: Since ZCDF = 90° — 45° = 45°, the line DF bisects
ZCDA, and so F lies on the perpendicular bisector of segment AF,
which meets AB at G. Let ZABC = 28. Since ADEF is cyclic,
ZAFE = 90° and hence ZFAFE = 45°. Further, as BF bisects
ZABC, we have ZFAB = 90° — 3, and thus

LBAB = LAEG =45° -, and ZAED =45° 4 3,
so ZGED = 23. This implies that right-angled triangles AEDG

and ABDC are similar, and so we have |GD|/|CD| = |DE|/|DB|.
Thus the right-angled triangles ADEB and ADGC are similar.
whence ZGCD = ZDBE = B. But /DFE = /DAFE — 45° —
B, then ZGFD = 45° — /DFE = 3. Hence GDCF is cyclic, so
LGFC = 90°, whence C'F is perpendicular to the radius FG of w.
It follows that C'F is a tangent to w, as required.

Solution 2: As ZADF = 45° line DF is an exterior bisector of ZCDB. Since BF bisects ZDBC' line
CF is an exterior bisector of ZBCD. Let ZABC = 28, so ZECF — (£DBC + LCDB)/2 = 45° + 8.
Hence ZCFE = 180° — ZECF — ZBCE — ZEBC = 180° — (45° + B +90° — 23 + ) = 45°. It follows
that ZFDC = ZCFE, then CF is tangent to w.

Solution 3: Note that AE is diameter of circumcircle of AABC since ZCDF = 90°. From
£LAEF = LADF = 45° it follows that triangle AAPE is right-angled and isosceles. Without loss of
generality, let points A, F and F have coordinates (=1.,0), (1,0) and (0,1) respectively. Points F, E,
B are collinear, hence B have coordinates (b, 1 — b) for some b # —1. Let point C’ be intersection of
line tangent to circumcircle of AAFE at F with line ED. Thus ¢ have coordinates (¢, 1) and from
L'E L AB we get ¢ = 2b/(b + 1). Now vector BC" = (2b/(b+ 1) — b,b) = b/(b+1)-(1—bb+1),
vector BF = (—b,b) = (—1,1) - b and vector BA — (=(b +1),~(1 = b)). Its clear that (1 —b,b+1)
and (=(b+1), —(1 — b)) are symmetric with respect to FE = (—1,1), hence BF bisects ZC'BA and
C' = C which completes the proof.

Solution 4: Again F lies on the perpendicular bisector of segment

AE, so AAFE is right-angled and isosceles. Let M be an intersection
of BC' and AF. Note that AAMB is isosceles since BF is a bisector
and altitude in this triangle. Thus BF is a symmetry line of AAMB.
Then ZFDA = LFEA = ZMEF = 45°, AF = FE = FM and
£DAE = ZEMC. Let us show that EC' = CM. Indeed,
LCEM = 180° — (ZAED + ZFEA + ZMEF) = 90° — ZAED =
=/ZDAE = ZEMC.

It follows that FMCE is a kite, since EF = FM and MC = CE.

Hence ZEFC = LCFM = ZEDF = 45°, so FC is tangent to w.

Solution 5: Let the tangent tow at F intersect C D at C’. Let ZABF —
ZFBC = p. It follows that ZC'FE = 45° since C'F is tangent. We
have
sin ZBDC' sin ZDFC’ SinZFBC _ sin90° sin(90° — 3) . sinf _ 2sinfcosf 3
sinZCDF sin/C'FB sinZCBD  sin45°  sind5°  sin 243 sin 23 :
So by trig Ceva on triangle ABDF, lines FC', DC and BC are concurrent (at C'), so C = C'. Hence
C'F is tangent to w.




Problem 2. A domino is a2 x 1 or 1 x 2 tile. Determine in how many ways ezactly n* dominoes
can be placed without overlapping on a 2n x 2n chessboard so that every 2 x 2 square contains at least
two uncovered unit squares which lie in the same row or column.

(Turkey)

Solution: The answer is

Divide the schessboard into 2 x 2 squares. There are exactly n? such squares on the chessboard.
Each of these squares can have at most two unit squares covered by the dominos. As the dominos
cover exactly 2n? squares, each of them must have exactly two unit squares which are covered, and
these squares must lie in the same row or column.

We claim that these two unit squares are covered by the same domino tile. Suppose that this is
not the case for some 2 x 2 square and one of the tiles covering one of its unit squares sticks out to
the left. Then considering one of the leftmost 2 x 2 squares in this division with this property gives a
contradiction.

Now consider this n x n chessboard consisting of 2 x 2 squares of the original board. Define A, B,
C, D as the following configurations on the original chessboard, where the gray squares indicate the
domino tile, and consider the covering this n x n chesshoard with the letters A, B, C, D in such a

- | o-[ »-H

way that the resulting configuration on the original chessboard satisfies the condition of the question.

Note that then a square below or to the right of one containing an A or B must also contain an
A or B. Therefore the (possibly empty) region consisting of all squares containing an A or B abuts
the lower right corner of the chessboard and is separated from the (possibly empty) region consisting
of all squares containing a C or D by a path which goes from the lower left corner to the upper right
corner of this chessboard and which moves up or right at each step.

A similar reasoning shows that the (possibly empty) region consisting of all squares containing an
A or D abuts the lower left corner of the chessboard and is separated from the (possibly empty) region
consisting of all squares containing a B or C by a path which goes from the upper left corner to the
lower right corner of this chessboard and which moves down or right at each step.

D|Djc|Cc|C|C ==IIIIIIII
D|DjcC|C|C]B = =llllll=
D|D|DIB|B|B D EEEE S
p|p|pla|AlB - e
plo|plalals .-
plalalalals —

Therefore the n x n chessboard is divided by these two paths into four (possibly empty) regions
that consist respectively of all squares containing A or B or C or D. Conversely, choosing two such
paths and filling the four regions separated by them with As, Bs, C's and Ds counterclockwise starting
at the bottom results in a placement of the dominos on the original board satisfying the condition of
the question.

2
As each of these paths can be chosen in (21:) ways, there are (2:1) ways the dominos can be
placed.



Problem 3. Let n,m be integers greater than 1, and let a,.as, voy @, be positive integers not
greater than n™. Prove that there exist positive integers by.by. ... by not greater than n, such that

ged(ay +by.ap + by, ..., m + b)) < n,
where ged(zy, 29, ..., Tm) denotes the greatest common divisor of 1,29, ..., Tp,.
(USA)

Solution 1: Suppose without loss of generality that a; is the smallest of the a;. If a; > n™ — 1, then
the problem is simple: either all the a; are equal, or a; = n™ — 1 and aj = n'™ for some j. In the first
case, we can take (say) by =1, by = 2, and the rest of the b; can be arbitrary, and we have

ged(ay +bi.ag + by, ..., + b)) < ged(ay + by, an +ba) = 1.
In the second case, we can take by = 1, b; = 1, and the rest of the b; arbitrary, and again
ged(ay + by, ag + bo, ... am + b)) < ged(ay + by, a5 +b;) = 1.

So from now on we can suppose that a; < n™ — 2.
Now, let us suppose the desired by, ... .b,, do not exist, and seek a contradiction. Then. for any
choice of by, ..., NS n}, we have

ged(ay + by.az + by, ... am + bm) > n.

Also. we have
ged(ay +bryag + 0o, ..o cam + b)) <ay +by <™ +n-2.

Thus there are at most n™ — 1 possible values for the greatest common divisor. However, there
are n™ choices for the m-tuple (by,...,by,). Then, by the pigeonhole principle, there are two m-tuples
that yield the same values for the greatest common divisor, say d. But since d > n, for each i there
can be at most one choice of b; € {1,2,....n} such that a; + b is divisible by d — and therefore there
can be at most one m-tuple (by,bs, ..., by) yielding d as the greatest common divisor. This is the
desired contradiction.

Solution 2: Similarly to Solution 1 suppose that a; < n™—2. The gedofay+l.as+1,a3+1, ..., am+1
is co-prime with the ged of a1 +1,a3+2,a3+1,...,a,, + 1, thus a; + 1 > n?. Now change another 1
into 2 and so on. After m — 1 changes we get a; + 1 > n™ which gives us a contradiction.

Solution 3: We will prove stronger version of this problem:

For m,n > 1, let ay,...,am be positive integers with at least one a; < n2"". Then there are
integers by, . ... by, each equal to 1 or 2, such that ged(ay +by,....am +by) < n.
Proof: Suppose otherwise. Then the 2™~ integers ged(ay + by, ...,a,, + by,) with by =1 and b; = 1
or 2 for i > 1 are all pairwise coprime, since for any two of them, there is some i > 1 with a; + 1
appearing in one and a; + 2 in the other. Since each of these 2™~! inteigers divides a; + 1, and each
is > n with at most one equal to n, it follows that @y +1 > n(n+1)2"" ~! s0 a; > n2™". The same
is true for each a;, i = 1,...,n, a contradiction.
Remark: Clearly the n?" " bound can be strengthened as well.



Problem 4. Determine whether there evists an infinite sequence ay,as,as,... of positive integers

which satisfies the equality
n+2 = @ni1 + Vg1 +an
for every positive integer n.

(Japan)

Solution 1: The answer is no.

Suppose that there exists a sequence (a,) of positive integers satisfying the given condition. We
will show that this will lead to a contradiction.

For each n > 2 define b, = @41 — an. Then, by assumption, for n > 2 we get b, = \/an + Gn—1 50
that we have

b2y = b = (ans1 + an) = (@n + @n-1) = (@41 — @n) + (an — n-1) = by + bn-1.

Since each a,, is a positive integer we see that b, is positive integer for n > 2 and the sequence (by) is
strictly increasing for n > 3. Thus by, +ba—1 = (bp+1 —bn)(bas1 +bn) = bpsr + by, Whence bp—y 2 bnsa
- a contradiction to increasing of the sequence (b;).

Thus we conclude that there exists no sequence (a,) of positive integers satisfying the given
condition of the problem.

Solution 2: Suppose that such a sequence exists. We will calculate its members one by one and get
a contradiction.

From the equality as = a2 + /@ + a it follows that a3 > as. Denote positive integers /az + az
by b and ag by . then we have v2a > b. Since ag = a + b and a5 = a + b + v/2a + b are positive
integers, then v/2a + b is positive integer.

Consider as =a +b+v2a +b+ \/2a+2b+ v2a +b. Number ¢ = \/2a+2b+\/2a_+bmust be
positive integer, obviously it is greater than v/2a + b. But

(V2a+b+1)2=2a+b+2v2a+b+1=2a+2b+v2a+b+(V2a+b—b)+1>c.

So v2a+b < ¢ < v2a+ b+ 1 which is impossible.
Solutions 3: We will show that there is no sequence (ay) of positive integers which consists of N > 5

members and satisfies
Un42 = Gn+1 + Vapy1 + 0y (1)

forall m = 1,....N —2. Moreover, we will describe all such sequences with five members.

i Since every a; is a positive integer it follows from (1) that there exists such positive integer k
| (obviously k depends on 1) that

- ns1+ n = K. @)

; From (1) we have (ans2 — @ni1)? = Gny1 + an, consider this equality as a quadratic equation with

| respect t0 ap41: :
' a1 = (2ani2 + Vans1 + @hyy —an =0.

Obviously its solutions are (a.-..,.ﬂm = w , where
D =4(a, + an+2) + 1. (3)
,' Since @n49 > @ny41 We have
- 20n43 +1 — \/ﬁ
| dn+1 = T gy e




From the last equality, using that @,y and a,49 are positive integers, we conclude that D is a square
of some odd number i.e. D = (2m + 1)? for some positive integer m € N, substitute this into (3):

@y + ang2 = m(m + 1). (4)
Now adding a;, to both sides of (1) and using (2) and (4) we get m(m + 1) = k? + k whence m = k.
So

{011+an+l=k2- (5)

an +ansg = K +k

for some positive integer k (recall that k depends on n).
Write equations (5) for n = 2 and n = 3, then for some positive integers k and £ we get

a2+aa=k2'
ﬂ.2+04=k2+k,

S (6)
az +ag = £2,

az+as =02+ 0.

Solution of this linear system is

2Pk e e Y _Py2u+k @
e TR Vit g IR R M L s e o

From ay < ay we obtain k? < 2 hence k < .

Consider ag:
ag =as +vas +ag=as+ VE+L+ k.

Since 0 < k <l we have £ < 24 £+ k < (£+ 1)%. So ag cannot be integer i.e. there is no such
sequence with six or more members.
To find all required sequences with five members we must find positive integers as, as, ay and as
s}ﬁch satisfy (7) for some positive integers k < £. Its clear that k and ¢ must be of the same parity.
ise versa, let positive integers k, £ be of the same parity and satisfy k < ¢ then from (7) we get
integers az, a3, a4 and a5 then a; = (a3 — a3)? — ay and it remains to verify that a; and ap are positive
ie. 2k +k>Pand 22 — k2 — k)2 > 2%2 — 2 4 k.

Solution 4: It is easy to see that (ay) is increasing for large enough n. Hence

@n41 < an + V20, (1)
and
an < @p-1 + /2ap-1. (2)
Lets define b, = an + an—;. Using AM-QM inequality we have
V2a, +2\/2an-: < \/2% +22«m_: ‘ 3)

Adding (1), (2) and using (3):
but1 < bn +v2an ++/2an1 < bn +2v/b,.
Let b, = m?®. Since (by) is increasing for large enough n, we have:
m? < bysy <m? 4 2m < (m + 1)2,

So, b,+1 can't be a perfect square, so we get contradiction.
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Problem 5. Let m, n be positive integers with m > 1. Anastasia partitions the integers 1,2, ...,2m
into m pairs. Boris then chooses one integer from each pair and finds the sum of these chosen integers.
Prove that Anastasia can select the pairs so that Boris cannot make his sum equal to n.

(Netherlands)
Solution 1A: Define the following ordered partitions:

P = ({1,2}.{3,4}.....{2m — 1,2m}),
Py = ({1,m+1},{2,m +2}.....{m,2m}),
Py = ({1,2m},{2.m +1}.{3.m +2},....{m,2m — 1}).

For each P; we will compute the possible values for the expression s = a1 +...+am, where a; € Pj;
are the chosen integers. Here, P;; denotes the i-th coordinate of the ordered partition P;.
We will denote by o the number Y1, i = (m® +m)/2.

e Consider the partition P; and a certain choice with corresponding sum s. ‘We find that
m m
m? =3 (2i-1)<s< ) 2i=m’+m.
i=1 i=1

Hence, if n < m? or n > m? +m, this partition gives a positive answer.
o Consider the partition P; and a certain choice with corresponding s. We find that
m
8= Eiza (mod m).
=1
Hence, if m2 < n < m? +m and n # o (mod m), this partition solves the problem.
o Consider the partition P; and a certain choice with corresponding s. We set
I o - ey =4
d; = { 1, ifa;#i.
We also put d = 7%, d;. and note that 0 < d < m. Note also that if a; # i, then a; = i —1
(mod m). Hence, for all a; € P; it holds that
a;=i—d; (modm).

Hence, i
s=Y =) (i-d)=0—-d (modm),
i=1

i=1
which can only be congruent to ¢ modulo m if all d; are equal, which forces s = (m? +m)/2 or
s = (3m? 4+ m)/2. Since m > 1, it holds that

2 2
L ;.m<m2<m2+mé3m—;ﬂ.

Hence if m2 < n < m? 4+ m and n = o (mod m), then s cannot be equal to n, so partition P3
suffices for such n.

10




Note that all n are treated in one of the cases above, so we are done.

Common notes for solutions 1B and 1C: Given the analysis of P; and P, as in the solution 1A,

we may conclude (noting that ¢ = m(m + 1)/2 (mod m)) that if m is odd then m? and m? + m are

the only candidates for counterexamples n, while if m is even then m? + = is the only candidate.

There are now various ways to proceed as alternatives to the partition Pj.

Solution 1B: Consider the partition ({1, m+2},{2.m+3},...,{m—1,2m},{m,m+1}). We consider

possible sums mod m+ 1. For the first m — 1 pairs, the elements of each pair are congruent mod m+ 1,

so the sum of one element of each pair is (mod m + 1) congruent to §m(m+ 1) —m, which is congruent
m+1

tolif m+1isodd and 1+ if m + 1 is even. Now the elements of the last pair are congruent

to —1 and 0, so any achievable value of n is congruent to 0 or 1 if m + 1 is odd, and to 0 or 1 plus

il if m+ 1 is even. Ifmiseveutheum2+mzl+m, which is not congruent to 0 or 1. If m is

2 2 2
m+1

odd then m? = 1 and m? 4+ m = 0, neither of which can equal 0 or 1 plus =

Solution 1C: Similarly, consider the partition ({1.m}. {2,m+1},...,{m—1,2m—2},{2m—1,2m}),
this time considering sums of elements of pairs mod m — 1. If m — 1 is odd, the sum is congruent to

L Ifmiseventhenfn.2+%zl+%,and this can only

be congruent to 1 or 2 when m = 2. If m is odd, m? and m? | m are congruent to 1 and 2, and these
when m = 3. Now the cases of m = 2 and m = 3 need

1or2:if m—1iseven, to1l or 2 plus

m
can only be congruent to 1 or 2 plus
considering separately (by finding explicit partitions excluding each n).

Solution 2: This solution does not use modulo arguments. Use only P from the solution 1A to
conclude that m? < n < m? + m. Now consider the partition ({1,2m}, {2,3},{4,5},...,{2m —
2,2m — 1}). If 1 is chosen from the first pair, the sum is at most m?; if 2m is chosen, the sum
is at least m2 + m. So either n = m? or n = m® + m. Now consider the partition ({1,2m —
1}.{2.2m},{3,4},{5.6},....{2m — 3,2m — 2}). Sums of one element from each of the last m — 2
spairs are in the range from (m — 2)m = m® = 2m to (m — 2)(m + 1) = m®> — m — 2 inclusive. Sums
of one element from each of the first two pairs are 3, 2m + 1 and 4m — 1. In the first case we have
n < m?—m-+1 < m?, in the second m?+1 < n < m®+4m—1and in the third n > m242m—1 > m®>+m.
So these three partitions together have eliminated all n.
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Problem 6. Let H be the orthocenter and G be the centroid of acute-angled triangle AABC with
AB # AC. The line AG intersects the circumeircle of AABC at A and P. Let P’ be the reflection of
P in the line BC. Prove that ZCAB = 60° if and only if HG = GP'.

(Ukraine)

Solution 1: Let w be the circumeircle of AABC. Reflecting w in line BC, we obtain circle w’ which,
obviously, contains points H and P'. Let M be the midpoint of BC. As triangle AABC is acute-angled,
then H and O lie inside this triangle.

Let us assume that ZCAB = 60°. Since

/COB =2/CAB = 120° = 180° — 60° = 180° — ZCAB = ZCHB.

hence O lies on w'. Reflecting O in line BC, we obtain point 0" which lies on w and this point is
the center of w’. Then OO’ = 20M = 2Rcos ZCAB = AH, so AH = 00' = HO' = AO = R,
where R is the radius of w and. naturally, of w'. Then quadrilateral AHOQ'O is a rhombus, so A and
O’ are symmetric to each other with respect to HO. As H, G and O are collinear (Euler line). then
LGAH = ZHO'G. Diagonals of quadrilateral GOPO' intersects at M. Since ZBOM = 60°, so
: .o MB
OM = MO’ = ctg60° - MB = —=.

As 3MO-MO' = MB?2 = MB-MC = MP-MA = 3MG-MP, then GOPO' is a cyclic. Since BC isa
perpendicular bisector of OO', so the circumeircle of quadrilateral GOPO' is symmetrical with respect
to BC. Thus P’ also belongs to the circumcircle of GOPCO', hence ZGO'P' = ZGPP'. Note that
Z/GPP = LGAH since AH||PP'. And as it was proved LGAH = LHO'G, then ZHO'G = LGO'P".
Thus triangles AHO'G and AGO'P' are equal and hence HG =GP

Now we will prove that if HG = GP' then ZCAB = 60°. Reflecting A with respect to M. we get A”.
Then, as it was said in the first part of solution, points B,C, H and P' belong tow'. Also it is clear that
A’ belongs to w'. Note that HC L C A’ since AB||CA’ and hence HA' is a diameter of w'. Obviously,
the center O' of circle w' is midpoint of HA'. From HG = GP' it follows that AHGO' is equal to
AP'GO'. Therefore H and P’ are symmetric with respect to GO'. Hence GO' L HP' and GO'||A'P'.
Let HG intersect A’P' at K and K # O since AB # AC. We conclude that HG = GK, because
line GO’ is midline of the triangle AH K A'. Note that 2GO = HG. since HO is Euler line of triangle
ABC. So O is midpoint of segment GK. Because of ZCMP = ZCMP', then ZGMO = ZOMP'.
Line OM, that passes through O'. is an external angle bisector of ZP'MA’. Also we know that
P'O' = O'A’, then O’ is the midpoint of arc P'MA’ of the circumcircle of triangle AP'MA". It

12




follows that quadrilateral P’MO'A’ is eyclic., then ZO'MA' = ZO'P'A" = LO'A'P'. Let OM and
P'A’ intersect at T. Triangles ATO'A’ and AA'O'M are similar, hence O’A'/O'M = O'T/O'A’. In
the other words, O'M - O'T = O'A™. Using Menelaus’ theorem for triangle AHK A’ and line TO', we

obtain that
AQ' HO KT . KT |
ClE. O A TA.,

It follows that KT /T A’ = 1/3 and K A’ = 2KT. Using Menelaus’ theorem for triangle TO'A’ and line

HK we get that

|- QH AK TO 1, TO _TO
~ HA RTE OO 3 00" o0

It means that TO = 00’, so O'A” = O'M - O'T = 00”. Hence O’A’ = 00’ and, consequently,
O € w'. Finally we conclude that 2/CAB = ZBOC = 180° — ZCAB, so ZCAR = 60°.

'
W
RS j
O --""—H-D
&5 -
S itE 8>
G \\\\/
F /,,\
£ i
A H /ﬁf

Solution 2: Let O" and G’ denote the reflection of O and G, respectively, with respect to the line
BC. We then need to show ZCAB = 60° iff G’H’ = G'P. Note that AH'OP is isosceles and hence
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G'H' = G'P is equivalent to G’ lying on the bisector ZH'OP. Let ZH'AP = e. By the assumption
AB # AC, we have ¢ # 0. Then ZH'OP = 2/H'AP = 2¢, hence G'H’' = G'P iff ZG'OH' =¢. But
ZGO'H = Z/G'OH’. Let D be the midpoint of OO, It is known that ZGDO = ZGAH = €. Let F be
the midpoint of HG. Then HG = FO (Euler line). Let ZGO'H = 6. We then have to show § = & iff
ZCAB = 60°. But by similarity (AGDO ~ AF0O'O) we have ZF0O'O = ¢. Consider the circumcircles
of the triangles FO'O and GO'H. By the sine law and since the segments HG and FO are of equal
length we deduce that the circumcircles of the triangles FO'O and GO'H are symmetric with respect
to the perpendicular bisector of the segment FG iff § = . Obviously. O’ is the common point of
these two circles. Hence O’ must be fixed after the symmetry about the perpendicular bisector of the
segment FG iff § =z so we have & = § iff AHOO' is isosceles. But HO'= H'O = R, and so

e d i3 00 =R = OD=§ - coséCAB:% s /CAB = 60°.

Solution 3: Let H' and G’ denote the reflection of points H and G with respect to the line BC. It
is known that H’ belongs to the circumcircle of AABC. The equality HG = GP' is equivalent to
H'G' = G'P, As in the Solution 2, it is equivalent to the statement that point G" belongs to the
perpendicular bisector of H'P. which is equivalent to OG’ L H'P, where O is the circumcenter of
AABC.

Let points A(a), B(b). and C(c = —b) belong to the unit circle in the complex plane. Point G
have coordinate g = (a + b— b)/3. Since BC is parallel to the real axis point H' have coordinate
K =a=1fa.

Point P(p) belongs to the unit circle, so = 1/p. Since a, p, g are collinear we have a_—z =

(z:: . After computation we get p = lg :_‘:. Since G'(g) is the reflection of G with respect to the
chord BC, we have ¢ = b+ (—b) — b(~b)g = b—b+g. Let b—b=d. We have d = —d. So
Le+d _ @-d .- T@+2d - a-2d | ug=e sed =20

It is easy to see that OG’ L H'P’ is equivalent to

g (g*) g  gh'p

W=p \W-p)  EF-I1 W-p

since h’ and p belong to the unit circle (note that H' # P because AB # AC). This is equivalent
to ¢ = gh'p and from (1), after easy computations, this is equivalent to a*g* + +d+1 =
(a®+1)(?® +1)=0.

We cannot have a? + 1 = 0, because then a = =i, but AB # AC. Hence d = b— b = %i, and the
pair {b,c = —b} is either {—v/3/2 +i/2,v3/2 +i/2} or {~V/3/2 —i/2,v/3/2 — i/2}. Both cases are
equivalent to ZBAC = 60° which completes the proof.
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